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Material electromagnetic duality symmetry requires a system to have equal electric and magnetic
responses. Electromagnetic duality enables technologically important effects like artificial optical
activity and zero back-scattering, is a requirement for metamaterials in transformation optics, Huy-
gens wave-front control, and maximal electromagnetic chirality, and appears in topological photonic
systems. Intrinsically dual materials that meet the duality conditions at the level of the constitutive
relations do not exist in many frequency bands. Nevertheless, discrete objects like metallic helices
and homogeneous dielectric spheres can be engineered to approximate the dual behavior. The dis-
crete objects can then be used as building blocks with the objective of obtaining composite systems
with high duality symmetry. Here, we exploit the extra degrees of freedom of a core-shell dielectric
sphere to obtain a particle whose duality symmetry is more than one order of magnitude better
than previously reported non-magnetic objects. We show that the improvement is transferred onto
the duality symmetry of composite objects when the core-shell particle is used as a building block
instead of homogeneous spheres.
PACS numbers: 78.20.Bh, 78.67.Bf,42.25.Fx,11.30.-j
A material system that responds in the same way to
electric and magnetic fields is said to have electromag-
netic duality symmetry, to be invariant under duality,
or, for short, to be dual. In much the same way that
a translationally invariant system prevents the coupling
of plane waves with different momenta during the light-
matter interaction, a dual system prevents the coupling
of the two helicity components of the field (generalized
polarization handedness), as illustrated in Fig. 1. This
statement is valid for all fields: Evanescent, propagat-
ing, collimated, focused, far, near, etc ... . Studies show
that dual objects enable many technologically important
effects like zero back-scattering [1–6], generalized opti-
cal activity [7], transformation media [8–11], wave-front
control [12–14], chiral transparency [15, 16], the coherent
control of light [17], and appear in systems for the topo-
logically protected propagation of edge states [18, Fig.
3][19, Sec. III].
The conditions for a material to be intrinsically dual
at the level of its constitutive relations [11, 20], roughly
speaking an equal electric and magnetic response, are not
met by any known natural material at optical frequen-
cies. This rules out the possibility to fashion dual objects
in this way. On the other hand, discrete objects made
of intrinsically non-dual materials can be engineered to
be approximately dual. Duality breaking can be under-
stood as the degree with which the system couples the
two helicities of the field, and its quantification can be
made using the T-matrix of the system, as we describe in
detail below. Duality breakings of 1 part in 10 for small
metal helices [15], 1 part in 100 for large homogeneous di-
electric spheres [21], and 1 part in a 1000 for small homo-
geneous dielectric spheres [7], have been reported so far.
Using such discrete objects as building blocks for larger
composite objects, metasurfaces, or bulk metamaterials
is a logical step, but raises an issue. While an arrange-
ment of perfectly dual objects remains perfectly dual [see
Fig. 1(b)], the duality breaking of an arrangement of ap-
proximately dual objects is a question for study. For
example, the aforementioned small dielectric spheres de-
signed to approximately meet the dipolar duality condi-
tion a1 ≈ b1, also feature duality breaking higher order
Mie coefficients, e.g. a2 6= b2 [22]. These higher order
terms become more relevant in the near field mediated
couplings of closely packed spheres, and some level of du-
ality degradation is to be expected when going from the
individual object to a composite one. Degraded duality
results in the degradation of the sought after effect, and
should hence be minimized. For example, it increases
the back-scattering [21], and, in artificial optical activ-
ity, it makes the polarization rotation angle increasingly
dependent on the input polarization [7]. The availabil-
ity of particles that deviate as little as possible from the
duality condition is therefore important.
In this Letter, we first study the degradation of the
duality symmetry of systems composed of closely packed
small homogeneous dielectric spheres. We use the spheres
that have the lowest duality breaking reported so far. We
show that duality symmetry degrades rapidly when two
approximately dual homogeneous dielectric spheres are
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FIG. 1. An incident field of one handedness illuminates two
different systems. The system in (a) is an ensemble of non-
dual particles, and the scattered field contains both handed-
ness. The system in (b) is an ensemble of dual particles, and
the scattered field contains only the incident handedness.
brought closer than 1/10th of the operating wavelength.
We then show that the situation is significantly improved
by exploiting the extra degrees of freedom of a core-shell
particle, which achieves an order of magnitude improve-
ment in the duality of both the individual particles and
the dimers made out of them. Finally, we analyze the
duality breaking of an ensemble of eight randomly ar-
ranged particles ( like in Fig. 1). The results show the
same order of magnitude improvement in duality when
the core-shell particle is used with respect to ensembles
of homogeneous spheres.
We start with the definition of a quantitative measure
of duality breaking based on the T-matrix of an object.
The T-matrix T contains all the information about the
interaction of the object with the electromagnetic field.
It is very often expressed in the basis of multipolar fields
of well-defined parity [23]. Then, the T-matrix relates
the multipolar coefficients of the incident field [p;q] to
the multipolar coefficients of the scattered field [a;b]:(
a
b
)
= T
(
p
q
)
=
(
Tee Tem
Tme Tee
)(
p
q
)
, (1)
where a and p contain electric multipole coefficients and
b and q magnetic ones. The submatrix Tee relates elec-
tric coefficients to electric ones, Tme electric to magnetic,
etc. For an isotropic particle, the T-matrix in this ba-
sis simplifies to a diagonal matrix whose elements corre-
sponds to the Mie coefficients. The electromagnetic du-
ality symmetry of electric and magnetic fields in the free
space Maxwell’s equations is typically broken in light-
matter interactions. In order to quantify the breaking
of the symmetry by the material object, the T-matrix is
changed to the helicity basis:
Thelicity =
(
Thelicity++ T
helicity
+−
Thelicity−+ T
helicity
−−
)
(2)
=
1
2
(
1 1
1 −1
)
T
(
1 1
1 −1
)
,
where 1 is the identity matrix of the size of the Tab in
Eq. (1). Then, the duality breakingD can be defined as
the ratio of the sum of the squares of all helicity changing
matrix elements divided by the sum of the squares of all
the matrix elements ([7, Eq. 2]):
D =
Tr
{(
Thelicity+−
)†
Thelicity+− +
(
Thelicity−+
)†
Thelicity−+
}
Tr
{
(Thelicity)†Thelicity
} ,(3)
where Tr {A} denotes the trace of A. The duality break-
ing (D) is a number between 0 and 1, and is 0 for a per-
fectly dual object. For an isotropic particle D can be
expressed in terms of the Mie coefficients and reads as:
D =
1
2
∑∞
j=1 |aj − bj |2 (2j + 1)∑∞
j=1
(
|bj |2 + |aj |2
)
(2j + 1)
, (4)
where aj and bj are the electric and magnetic Mie co-
efficients. A perfectly dual sphere has aj = bj for all
j.
Another quantity of importance used to characterize
the scattering properties of an object is the total inter-
action strength defined as
C = Tr
{(
Thelicity
)†
Thelicity
}
, (5)
which appears in the denominator of Eq. (3). Un-
like the scattering cross section, the total interaction
strength is an illumination independent measure of the
strength of the interaction of an object with the elec-
tromagnetic field. For an isotropic particle, the total
interaction strength, corresponds to the normalized [to
λ2/(2pi)] scattering cross section [24, 25].
The use of individual particles as building blocks for
larger structures and effective bulk media is one of the
main ideas in metamaterials. In the context of this Let-
ter, we are interested in the duality properties of com-
posite objects. If each individual particle in an ensemble
is perfectly dual, we are guaranteed that the ensemble
will be perfectly dual as well. But when approximately
dual particles are placed close to each other, it is not
immediately clear what is the duality breaking of the
composite object. In order to address this question, as
the first step, we have computedD as a function of the
inter-particle distance for four dimers made with approx-
imately dual homogeneous dielectric spheres. The four
3TABLE I. Design parameters and relevant electromagnetic properties of the individual particles embedded in free space
(λ=1µm). The Mie coefficients are given up to the octupoles.
Particle Name Parameters D C Mie a1,b1 Mie a2,b2 Mie a3,b3
Sphere 1
r=199 nm
r = 2.19
2 1.99e-03 2.76
0.4578-0.4982i
0.4548-0.4980i
0.0037-0.0610i
0.0002-0.0143i
0.0000-0.0023i
0.0000-0.0003i
Sphere 2
r=180 nm
r = 2.42
2 1.04e-03 2.41
0.3979-0.4895i
0.4009-0.4901i
0.0017-0.0410i
0.0001-0.0095i
0.0000-0.0013i
0.0000-0.0002i
Sphere 3
r=161 nm
r = 2.71
2 5.64e-04 1.84
0.3035-0.4598i
0.3094-0.4623i
0.0007-0.0256i
0.0000-0.0059i
0.0000-0.0006i
0.0000-0.0001i
Sphere 4
r=142 nm
r = 3.08
2 2.94e-04 1.17
0.1927-0.3945i
0.1955-0.3966i
0.0002-0.0147i
0.0000-0.0033i
0.0000-0.0003i
0.0000-0.0000i
Core-Shell
rinner=105 nm, router=225 nm,
inner = 4
2, outer = 2.7
2 4.57e-05 1.55
0.2118+0.4086i
0.2117+0.4085i
0.0277-0.1641i
0.0278-0.1643i
0.0000-0.0065i
0.0000-0.0020i
spheres are similar1 to those used in Ref. 7. The oper-
ating wavelength is λ = 1µm. The radii, relative permit-
tivities, duality breaking D, total interaction strengths
C, and the first three pairs of electric and magnetic Mie
coefficients for the four homogeneous spheres are shown
in Table I. The solid lines labeled as Sphere 1 to 4 in
Figs. 2(a) and 2(b) showD and C as a function of the
inter-particle distance, respectively. We observe that the
duality symmetry of the dimers degrades very rapidly at
short distances. The Mie coefficients for the individual
spheres in Table I give us the hint for understanding this
behavior. The electric and magnetic dipolar coefficients
of each sphere are quite similar to each other, but the
quadrupolar and octopolar ones are not. This, together
with the known enhancement of the relative contribution
of higher order multipoles in near field interactions [26–
28], explains the results. We confirm this hypothesis by
artificially truncating the responses of the four spheres
to just the dipolar terms and repeating the calculations
of theD of the dimers. The dotted lines labeled Sphere
1(d) to 4(d) show the results in Fig. 2. The rapid increase
inD as the distance decreases disappears for pure dipo-
lar interactions. Please note that we have used a global
multipolar expansion order of N = 8, which is accurate
and converging for all the numerical calculations in the
paper. The fact that the parameters of the four spheres
were already chosen in Ref. 7 to maximize their duality
indicates that a different kind of particle is needed in or-
der to improve the situation seen in Fig. 2(a). We now
explore the benefits of the extra degrees of freedom in
1 They are conformally rescaled versions of the spheres used in
Ref. 7. The rescaling of radii and permittivities is done in order
to change the surrounding medium from one with permittivity
 = (1.3)2 to vacuum. The duality breakingD of the spheres is
invariant under the rescaling.
FIG. 2. Duality breaking (a) and total interaction strength
(b) of dimers made out of the five particles in Table I as a
function of the inter-particle distance. The solid lines show
the results when all the multipolar orders of the response of
the spheres are considered. The dotted lines show the results
when keeping only their dipolar response.
core-shell particles. Core-shell spherical particles are be-
ing experimentally investigated as the building blocks of
larger objects [29, 30]. We have used the Particle Swarm
Optimization (PSO) method [31] to design a core-shell
particle that has a minimum D. In order to provide
some initial starting points to the optimization process, a
coarse sweeping simulation was previously ran. The final
design parameters and properties of the proposed parti-
cle are shown in the last row of Table I. We note that for
the quadrupolar and octopolar orders, the electric Mie
coefficients are much more similar to the magnetic ones
than in the case of the homogeneous spheres. This allows
the corresponding dimer, labeled Core-Shell in Fig. 2, to
keep itsD more than one order of magnitude below that
4of other four dimers for all (including vanishing) inter-
particle distances. With respect to C, an interesting ob-
servation in Fig. 2(b) is the relative flatness of the total
interaction strength as a function of the distance. This
should be studied in the future. It is worth mentioning
that the PSO was targeted at minimizing D, and that
more complex optimization targets could include bothD
and C simultaneously.
One clear application of approximately dual particles
is the realization of approximately dual bulk materials.
In this application, several particles will be close to each
other. In order to investigate the duality properties of an
ensemble of several particles, we randomly arrange eight
particles of the same type confined to a cubic volume
and computeD and C for the ensemble. We use the de-
signed core-shell particle, and for comparison, the best
of the four spheres in terms of duality symmetry (Sphere
4). We simulate 1000 independent random ensembles for
each of the two confining cubic volumes of sides 1.5 and
3µm. The results are shown in Fig. 3. The order of mag-
nitude improvement inD for the individual particles is
kept in the ensembles for both volume sizes. We also ob-
serve that the lower bound of duality breaking is largely
independent of the total interaction strength for both
kinds of particles, even for different confining volumes.
The results seen at the two right-most point clouds cor-
respond to the tighter packed cases, and show that the
total interaction strength varies much less for core-shell
particles than homogeneous ones. This behavior is con-
sistent with the finding from Fig. 2(b) in that the total
interaction strength of dimers made out of core-shell par-
ticles is largely independent of the distance between the
particles, even for very short distances at which the to-
tal interaction strengths of its homogeneous counterparts
increase rapidly.
In conclusion, we have shown that the extra degrees of
freedom of dielectric core-shell spheres can be used to de-
sign isotropic particles whose duality symmetry is an or-
der of magnitude better than for dielectric homogeneous
spheres. Importantly, the same improvement is main-
tained in the overall duality of composite objects when
the core-shell particles are used as building blocks instead
of the homogeneous spheres. It is reasonable to expect
further improvements for each extra spherical shell, and
that the use of shells helps the design of core-shell he-
lices [32] of high duality. The results of this work are
a step towards the realization of composite objects and
effective bulk materials with a high degree of duality sym-
metry, which have technologically important applications
like artificial optical activity, zero-backscattering, meta-
materials for transformation optics, wave-front control,
and topologically protected light propagation.
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FIG. 3. Scatter plots of duality breaking versus total inter-
action strength for 1000 realizations of randomly arranged
clusters of eight core-shells and eight Sphere 4s. Two differ-
ent confining cubic volumes of side 1.5 and 3µm have been
used. The green star, light green dots, and green dots cor-
respond to the individual Sphere 4, random arrangements of
eight of them in a cube of 3µm side, and random arrangements
of eight of them in a cube of 1.5µm side, respectively. The
brown cross, light brown dots, and brown dots correspond to
the core-shell particle, random arrangements of eight of them
in a cube of 3µm side, and random arrangements of eight of
them in a cube of 1.5µm side, respectively.
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